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: space is the cont red cor n.

The theorem state i.




EFINITION AND BASIC PROPERTIES OF TREELIKE SPACES.

points of a topological space are called separated when they do not
1g to the same quasicomponent.

mected topological space X is called treelike when given any two
ts p,q € X there is a point z ¢ X separating p and q (that is, such
p and q are separated in X\{z}).

»q are points of a treelike space X then we define

E(p,q) := {z|z separates p and q in X}
S(p,q) := {p} v E(p,q) u {q}.
1) is empty if and only if p = q.

.11 write X\z = A + B meaning that X\{z} is the topological sum of

P q,r )
subspaces A and B, while p € A and {q,r} < B.

. 1.1. Let X be connected, C a connected subspace of X. If X\C = A + B
both A uC and B u C are connected.

. 1.2. Let X be connected, C a connected subspace of X and S a compo-
of X\C. Then X\S <s connected.

1tly stronger versions of these lemma's are given in KOK [3].
; these lemma's it is not too difficult to prove the propositions be-

Most of them can be found in KOK [3].
)ISITION 1.3. A treelike space is Hausdorff.

ISITION 1.4. Let X be treelike. Then for all p e X each component of

.8 open.

SITION 1.5. Let X be treelike and p,qre X. Then
) n S(p,r) a S(q,r) Zs a singleton.




F: In BROUWER & SCHRIJVER [1] it is shown that this intersection is
npty (see also [3] pp.45-50). On the other hand it is easily seen

it cannot contain more than one point:

>se y,z € S(p,q) n S(p,r) n S(q,r) , ¥y % {p,q,r,z}.

e.g. X\y = A + B + C , but now B u {y} uC is connected in X\z so that
asnﬁ:separagézq gnd :. The case that some or all of the points

» P» 4, T coincide is handled similarly. [J

{ be a treelike space and p,q ¢ X. S(p,q) can be ordered in a natural

.separation order):

ISITION 1.6. The relation < on S(p,q) defined by x <y iff x € S(p,y)

les a continuous ordering on S(p,q) (Z.e. an ordering without Jumps
pSs) .

'SITION 1.7.

S(p,q) 8 closed.

If $(p,q) s connected and locally comnected, then it is compact.
neral S(p,q) is not connected, but we have:

SITION 1.8. Let X be treelike and either locally comnected [WHYBURN]
cally peripherally compact [PROIZVOLOV]. Then for all p,q € X, S(p,q)

ordered continuum, the intersection of all connected sets containing
p and q.

tively clear (and an easy consequence of proposition 1.5) is the fol-

S

SITION 1.9. [H. KOK, p.44]. Let X be treelike and suppose that for
> € X, X\p has at most two components. Then X is (weakly) orderable.

v based treelike space is a triple (X,a,b) where X is a treelike
and a and b are (not necessarily different) points of X. As usual we

fy a based treelike space with its underlying treelike space.




X,a,b) be a based treelike space. The subset S(a,b) of (X,a,b) is
d its base. In a based treelike space we can define a canonical

ction

m ¢ X > S(a,b)

{m(x)} = S(a,b) n S(a,x) n S(x,b).

defined because of proposition 1.5)

1,b) is not connected, then certainly m cannot be continuous, but we

ITION 1.10.

momwm=T

If ¢ e S(a,b) and X\c = é + E + C where A and B are connected (and
empty when a = ¢ resp. b = c), then ﬂ-](c) =C¢ =2C-u{c}.

That is, nd](c) s a closed connected set (called the stalk at c).
If S(a,b) s comnected and locally comnected thenm m is continuous.
In particular this is the case when X is locally connected or lo-

cally peripherally compact.

OF (iii): Let U < S(a,b) be open in S(a,b). Since S(a,b) is locally
ted we may suppose U to be connected: U = E(p,q) for some p,q with

<q < b. Now 3ﬂ_1U = {p,q}, so n_lU is open. [

connectedness of S(a,b) alone is not sufficient:

y
2 2w
Take X = {(x,y) R I(x>0Ay=cos ;;9 v
; \ (3de:x=%)Vx=y=O}
with subspace topology of]R2
a= (0,0
b= (1,1)

Here m is not continuous.




IE CONSTRUCTION

\EM Let X be a compact treelike space. Then X is the continuous image

1 ordered continuum.

answers the question raised by V.V. PROIZVOLOV in [4].

'« We will construct compact treelike spaces Xa and maps Pug ° X » X

o B
;aSaO) forming an inverse system, such that
X = 1lim X 1is an ordered continuum and p ¢t X =» X =X
q . o aOO o 0

e required mapping.
in particular we will have based treelike spaces (Xa’aa’ba) and for
-1 -1
< ® = =
dea is to construct the spaces Xa by transfinite induction, constantly

ging the base, until finally Xa = S(aa ’ba ). Assume that X contains

than one point. 0 0 0

tep O.

0 ana bO from X. (This

ssible because of the lemma: every nondegenerate compact connected T

set XO = X, Pog = ]X and choose two endpoints a

1
has at least two end points (see [5])).

A successor step.
se XB and;;YBdefined for all ordinals y < B < qa.
is a successor: o = 8 + 1, and XG is orderable then we're done:

y = 8. Therefore suppose X, not orderable.

>position 1.9 we can find 2 ramification point p and by projecting it
7 assume it to lie on S(aG’bG)’ i.e. a point p such that X \p =
+ C where A and B are clopen in Xa\p and C is non-empty, open and con-
I (use proposition 1.4).
u{p} is compact and thus has an endpoint q different from p.
+ ¥ := (Aup}w) x {0}, z, = (S(q,p)uB) x {1},
Xu o= (Ya+Za)/R
R identifies (q,0) € Ya with (q,1) € Za'




ne paa B ]X ?

(¢4
ad pOL(S((r’i)) =r (r€X6 s 1=0,1) ;
1d paB = paB o pa(S (B<(S).

(a is compact and treelike as is easily verified.

that the endpoints of Xa are exactly those of the form p;é(r) with r
»int of XG different from q.

2 define e, = pao((q,i)) = pao(q) € X then we can say that in this

step the endpoint e, of X is removed, while the status of the other

yints remains unchanged.

) A limit step.
a limit ordinal, set X = 1lim{X_|B<a} and p , : X » X _ the canoni-
a < B aB a B

)rojection.,

s compact and connected (see e.g. Dugundji [2] p.435).

1 Xa is treelike.

>y € X, x #y and define Xg = pas(x) > Vg = paB(y?'

v some B < o and r € X, we have ﬁ;](r) {s} is a singleton, and r

B B

‘ates x, and Yg> then s separates x and y:

B

_ _ -1 -1 -1
X\r=A+B = X \s = paB(XB\r) = paB(A) + paB(B) .

B X
B 7B X y

fore assume that if for some B r separates x_ and then p_](r) > 1,
78 aB

B

T some B < a WX, ¥ ﬂyB then choose w ¢ E(nxs,nys).

B8
be the first ordinal > B such that Ip é(w)[ > 1.

, -1 Y
Y is a successor, and IpYB(w)I = 2,
e y-th step of the construction some interval S(q,w) is inserted in
ase somewhere between an and wa (Here {q}=p;i] 0
his interval (or at least E(q,w)) is left untouched during all follo-
steps since it doesn't contain any ramification points; that is, if
(q,w) then |p;i(r)] = 1, a contradiction.

fore for all B < o we have ﬂXB = ﬂyB .




e X #y for some B < a we have Xg * g
w Separate Xg and Vg Let y be the first ordinal > B such that
(w)l > 1.

1 2
both v, and v, lie in the base of XY, so we might as well assume

S(aB,bB).

we have w = 7x_ = .
v m 8 ﬂyB

p;é(w) = {WI’WZ}’ and at least one of w, and w, separates XY and

K \w=P+ Q + R where P and Q are connected.

g Y8 2p°Pg

n:For each r ¢ P uQ Ip;é(r)l =1,

let y be the first ordinal > B such that for some r € P lp;é(r)
at step y in the construction we had w (or rather w' with

= p_ll B(w)) as a ramification point, while the endpoint g chosen

Y

>

-z} = S(w,q) n S(q,xy_]) n S(xY_l,w) c X

y-1°
(with obvious identifications) WXY =z *y"' = wa , contradiction
this claim it follows that P' = p;é[P] c Xa is homeomorphic to P
» 3P' = {w'} for some w' ¢ p;B(w).

rise Q' = p;é[Q] is mapped homeomorphically onto Q by Pyg while
: {w"}. Since alwayswa= nyY we have w' = w'". But this means that

=P' + Q' + R' , which proves that Xa is indeed treelike.
X y a ,b
a’ a
lermore, if e is an endpoint of Xa then for all B < o PaB(e) is a1

int of X .
’ B

: each successor step eliminates another of the endpoints of X, anc
- step doesn't introduce any new endpoints, there must be a last s
ot containing any ramification points.

his means that this Xa is orderable (proposition 1.9). [
0




I EXAMPLE

‘oregoing seems to be a rather long proof for such an intuitively ob-
s construction. One has however to be careful since it is not generally

that the inverse limit of treelike spaces is again treelike:

an interval : XO = C{%} , the cone over %- [

) _cfl3
: it into two : X] = C{4,4} /A\

split each half into two intervals:
1

1357, A
8’8’8’8

x2=c{

11ly:
= o= | kodd, 1 <k < 2™} = (K gx1/R
n n+l n+l
2 2

where R identifies all points (x,1).

k 1 k 1 1
" (—=,y) = (——,y) where I - ] < (m<n)
nm 2n+] 2m+] 2n+1 2m+1 2i_?ﬂ+1 )

1im Xn is the cone over a Cantor set, and certainly not treelike (com-

but not locally connected).
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